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ANCTRACT

The status of the current work cu ruby laser induced yas ionizontion
is reported. Experimental measurement:c of the focused spot diarmeter,
breakdown emission, ionization times ard nonattenuation ionization are
The theoretical study results obtained to date in the ureas

presented,
and the extension of the ricrowave

of nonlinear ionization initiation
breakaown theory are discussed.
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I. TINTRODUCTION

A. PURPOSE

This is the second technical documentary report for contract numter
AF30(/02)3332 under the sponsorship of the Rome ‘ir Developrient “enter, he
period of work covered is from 11 August 19¢4 to 1l December 1974, The status
of the current work, results ol'tained %o date, and future mrk to be perform~d

are disnussed,

“his contract is for the investigation and study of the lLreakdown (ioniza-
tion) mechanisms of gascs at optical/infrared frequ~ncies. The investization
includes both theoretical and experimental research, ising lasers, into *he
power densities required to ionize air between aho:it 1000 pounds per snaire inch
an? lC—( millireters of mercury, and the mechanisms responsiile fer <:ct. ioniza-
tion., \pproaches employed account for mechanisms of btreakdown of severil pure
~ases 1nd gas nixtures chosen 'y the researchers, as well as air. Ionization
!5 determined as a function of tirme, pas ionization pot-ontials, pressure, fre-
quener of incident L:am, presence of outside agents (contiiner :mlls, surfaces,

ionizing radiation), ind other pertinent paramcters.

B. PROGRAM

‘s shown in th~ pas ionization program flow diagram, figure I-1, two
parallel prorrams were conducted, one for experirents and the other for theornti-
cal studies., A continuous interchange exists hetwren the experimental ind
study areas, permitting theory to help guide the experimental approach and the

experimental results to help develop and confirm the theorctical des-riptions.

-
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"asicrlly, two types of experiments are to be performed: (1) the measure-
ment of the net ionization rates and (2) the statistical time 1lags. The
critical nature of the experiments required first an experimental setup
calibration. Tor program expediency, the net lonization rates experiments
are divided intc two phases, The first phase determines these rates for a
few representative gases at selected gas pressures and allows the basic
mechanism to he isolated early in the program, thus aiding the theoretical
analysis. The second phase extends these rate measurements for the full range

of pressires and gases,

The first set of net ionization rate experiments :{s to determine the rate
of ionization buildup once the process is initiated. If 1t is exponen-
tial, the mechanism can be characterized as an avalanche-type process
similar to the well-known microwave breakdown. However, if the buildup is
linear, the ionization rate must depend on a differert type of mechanism, At
th~ high power densities required for optical breakdown very high field
streng‘ s exist., These fields may be sufficient to induce direct ionization
of the gas molecules by photons, rather than depending upon the collision mechanism

that accounts for microwave treakdown.

The statistical time lag experiments are to determine how the ionization
process is initiated. The avalanche ionization buildup, which depends upon
initial ions being present within the volume subject to the electric field,
furnishes the electrons that start the ionization process. The random nature
of the ion distribution in the gases should cause a statistical time lag in the
icnization initiation for those mechanisms that depend upon their presence, If
the intense optical field can directly ionige the gas molecules, a much less

statistical effect in the ionization initiation will be observed.



The theoretical studies are divided into three areas. Two of the study
areas began in the early part of the program (i.e., the investigation of the
non-linear ionization initiation mechanisms and the development and extension
of the "reakdown theory). The third study area correlates the experimental
res'ilts with breakdown theory. If disagreement is evident, the theory will be
rnodifi~d to agree with the experiments to obtain a quantitative description of

the breakdown mechanisms.

C. 3TATUS

‘t the end of this reporting period, measurements of the focused spot
diameter for several lenses were completed, Data on breakdown emission from
‘repon during and after laser irradiation were obtained., Ionization times
versus electric field for different focal spot diameters were also recorded for
Arpon. Treakdown measurements were obtained for heliwm, Charge collection
measurements were made at very low alr pressures to try to determine the
ionization build-up process. Tixperiments have begun using a variable pressure

test cnll.

The theoretical studies considered both the non-linear ionization initiation
nechanisms and the extension of the microwave breakdown theory. Attempts to
find useful expressions for the rates of non-linear ionization have continued
but without success. Investigation of the rate of photon absorption in free-free

transitions has continued.



ITI. OSUMMARY AND CONCLUSIONS

A. PPOCESS DRSCRIPTION

The theoretical and experimental data available at present are consistent
with the following sequence of events, It appears that the growth of lonization
begins with the production of a small number of electron-ion pairs from impuri-
ties or from the main gas by a non-linear or multi-photon process. The electron
and ion density then begins to grow by an electron multiplication, or avalanche
process, which probably involves multiphoton photoionization of excited atoms.
“hen a very small fraction of the gas is ionized (e.g., less than one part in
108 at atmospheric pressure), space charge effects become large enough to reduce
ti.e electron loss and increase the rate of electron nultiplication. Finally,
when the gas is nearly completely ionized, the absorption of laser energy in
electron-neutral collisions is augmented by absorption in electron-ion
collisions and in some cases by absorption by excited atoms. This final stage

prodiuces the observed absorption of the laser beam and most of the light output.

.« TXPERDMENTAL 'IORK

"he process of gas ionization shows a threshold dependence upon the in-
tensity distribution in the laser beam, Since significant changes in the in-
tensity distribution can cause significant changes in spot size, care must be
taken to monitor these variations. Secondly, spot size for short focal length
lenses cannot be determined from a knowledge of beam divergence, thus making
accurate measurements of spot size an important parameter to define experimentally.
Reducing the spot size Ly use of a 5,08 cm focal length lens lowered the time

of Lreakdown for a given field strength as compared to that for a 3.3 cm lens,



Nesults of the work done in helium indicate that the spectral emission
of the plasma differs for the various gases. The easily ionizable mercury

vapor had no detectable effect on the breakdown time in helium,

3 THEORETTCNE WORK

Tvidence 1s prescnted that the absorption of relatively high encrgy
photons in free-free transitions may in some :ases lead to smill (-~ 307) but
possibly siesnificant deviations in the rate 5f growth of an electron avalanche
from that predicted by an appropriate extension of the microwave theory, i.e.,
the continuous form of the Roltzmann equation., This evidence i3 obtained by
solving the difference form of the Boltzmann equation in hoth the steady state
and time dependent cases for various simple models of the electron-atom or
electron-ion collision processes., liowever, since direction and magnitude of
the deviation depend upon the model used and since several important effects

are not incliuded, further comparisons of the two theoriss are desirable.

Additional calculations of the excitatior, ionization, and diffusion
coefficients are presented and used to compute avalanche growth times and
approximate curves of the laser intensity required for breakdown as a function
of gas density. In general the agreemsnt between theory and experiment is within
a factor of two in laser intensity or LO¥ in laser electric field intensity.
There are, however, systematic deviations between theory and experiment which

should be explored further.



I7I. A5 TONIZATION FXPRRIMFNTS*

A.  VARIATIONS L! THRWSHOLD MFASUREMINTS

The measurements of the time of breakdown in argon as determined from
the time of attenuation of the transmitted laser light versus total energy
were shown in Figures III-9, IIT-10, and III-11 of the first interim report.
In tho~e measurements a large difference in the threshold of breakdown (lowmst
energy produc.ng attenuation) existed between Figures III-9 and III-10 %~ 11.
Differences in the data due to two separate gas cells were ruled out by
interchanging the cell used to produce the data shown in Figure III-9 and
observing data similar to that shown in III-10 and III-11. Replacement of
the focusing lens was then thought to have caused the discrspancy. urther
analysis of the intensity distribution showed the real cause of the threshold
change. An analysis of the intensity distritution had shown that the effective
beam divergence varied between 2.1 and 2,6 milliradians. At that time it was
thought that this beam divergence was characteristic of the system at all
times, The analysis of the beam divergence during later experimentation revealed
that the angle of divergence was then about 0.8 milliradians. These changes
in beam divergence were observed during subsequent experiments and mesasured to
vary by as much as several milliradians. The changes seemed to accompany the
replacement of the xenon flashlamp used to excite the ruby. The variation in
the angle of divergence during the life of any one lamp seemed to be about 257,
As yet there does not seem to be a noticeable correlation between these smaller
variations in divergence angle and the small variation in time of breakdown

versus total energy.

#This work was performsd by R. W. Waynant



", MHEASURTMENT OF FOCUSED SPOT SIZE

The measurement of the focused spot size was underway at the time of the
first interim report. The measuring technique was outlined in that document.
The data for several lenses has aince been analyzed and will be reported here,
Graphs showing the diameter of the spot as a function of distance from the
center of the lens are shown in Figures III-1, III-2, and III-3. In the case
of the lenses with 12,7 cm and 5,08 cm focal lengths a glass plate was inserted
between the lens and the photographic film in order to simulate the conditions
encountered with the gas cell. This probably accounts for the fact that the
smallest measured diameter was found at distances greater than the focal length
stated by the manufacturer. Since the 3.3 cm focal length lens will go into
the stainless steel test cell, the spot size for two of these lenses were measured,
In all cases, the measured diamster of the spot siie was larger than the diameter cal-
culated from angular divergence data. This indicates that spherical abberation
in the lens plays an important part in spot size determinations.

The measurements of spot size for the 12.7 cm lens show considerable
variatfon of the spot diameter versus distance from the lens., These variations
as shown in the plot have not ‘been corrected for changes in the intensity dis-
tributions, but such correction seems only to exagerate the variations., This
would perhaps suggest that an axial variation in the focused region is being
observed. These variations were not so evident in the p.ots for the 5.08 cm and 3.3

cm focal length lenses,

C. MEASUREMEXN™ OF BREAKDOWN EMISSION FROM ARGON
Cuided by theoretical calculations which predicted short execited state
lifetimes during laser irradiation, work was done to examine the -mission from

the ionized region of the gas. In this work a monochromator was utilized to

8
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separate the spectral wavelengths of the emission with the set-up shown

in Figure III-4., Careful examination of the rate of emission during the
laser irradiation would give an indication of the mechanism by which the
ionization grows provided that a sufficiently sensitive photomultiplier was
available. An analysis of the emission from argon ionization region revealed
that the light emitted during the laser irradiation was identical to that
shown in Figure ITI-5, and was independent of the waveleagth within the
visible spectrum. Doth the risetime and the amplitude of the emission were
dependent on the amount of energy into the gas, Tne risetime of the observing
system was limited to about 6 nanoseconds by the Tektronix 585 oscilloscope
used to record the photomultiplier signal. Msasured risetimes for the initial
light emission were as fast as 20 nanoseconds for high energy shots when the
12,7 cm lens was used to produce breakdown. This risetime increased to 80
nanoseconds or more as the input energy dropped to near threshold. ‘hen
shorter focal length lenses (the 5,08 cm ani 3.3 cm) were used to produce
ionization, somewhat longer risetimes were noted, In all of this work the
pressure of the argon gas was 700 torr. At this pressure no signs of a line
spectrum were noticed. This is consistent with the results expected on the
basis of line broadening. Essentially the Ar spectrum is so dense that line
broadening of the type expected from the absorption observed would produce a
continuum, The same measurements nade in He (to be discussed below) showed
line broadening of about 100 X during the time of laser irradiation of the
gas. This same line broadening was not present after the laser irradiation

turned off.



Mreakdown Region
: Light Shield

[aser Beam »y--" ~ L
——> — - M- -7 | SIS S
Lens - Lens
¥ . Hiph
‘: l 1 [_Voltap- '
) | )
RPN,
I vt
|
ool o U }—
. \ : | Photomultiplie
S PO
Ne V!
~ \ :

Monochromator

\?

To Oscillos~ope

Figure III-4 Set-up to Measure Spectral “mission 'lavelengths

13



—~— 3s5c,line
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Neinpg Irradiated with the Taser "eam o
(100 ns/em horizontal; 5v/cm vertical, 42004)

14



Additional investigations were made of the time history of emission
from the ionized volume after the laser radiation subsided. This amission
had a time history very dependent upon the wavelength being monitored. The
emission time varied from about 15 microseconds for wavelengths around 3800?\
to over 200 microseconds for wavelengths around uéoog to 56002 and then dropping
off to about 20 microseconds around 63002. A typical time resolved photograph

of the emitted light is shown in Figure III-6.

D. IONIZATION TIME AS A FUNCTION OF FOCAL SPOT DIAMETTR
To obtain an indication of the effects of the focal spot diameter a

series of measurements were made using the cell filled with 700 torr of argon.
Each of the lenses whose focused spot diameter had been measured previously
were used to produce ionization. The curve shown in Figure III-7 illustratrs
the effect of spot diameter on the breakdown (attenuation) time versus peak
electric field strength, Repeated experiments have shown conclusively that
the threshold Ep for the 3.3 cm lens is, indeed, higher than the thresholds
seen for the 12.7 cm and 5.08 cm lenses. It may be that the higher threshold
is caused by an increase in tae diffusion losses which accompnay the smaller
focal diameter. This is supported by the fact that the average data for the

5.08 cm lens lies above the data for the 12,7 cm lens,

[t should be explained that in the course of experimentation, it. became
necessary to increase the triggering sensitivity. This caused the addition of
a small, constant increment in breakdown time measurements., In order tn avoid
confisior. all of the data presented has been adjusted to produce the pulse peak
at 125 nanosseconds from the start of the pulse., By doing this all data pre-

sented in earlier reports can be accurately compared.

15



Fipure III-¢ “reakdown "mission fror the I'lasma Formed 18 Arron
(20 u s/em horizontal; °v/em vertical, 45007)
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Peak electric field strength used for Figure III-7 has been calculated

using ‘-“,p - )-3—2——2_0_ (q. ITI-1)

Vv A
where
?p = peak @lectric field
P input power determined ty dividing the half-power
pulse width into the total energy
Zo ~ the impedance of free space
and A * the area of the half intensity contour computed using

A = 7d° where d is the half-intensity (3db) diameter
4 measured for each lens,

. YEASUREMENTS OF T"REAKDOMN IN HELIUM

A glass cell similar to those used for argon was constructed and filled
with 700 torr of helium. Attached to one side of this vessel was a small
enclosed capsule of mercw-y sealed so that it could be opened at the desir:d
time by a small ferrous breaker. Initially the mercury capsule remained sealed
and measurements of breakdown in helium were made. The most obvious difference
between argon and helium was that helium showed little or no sign of attenuation
of the laser light although a spark was visible and emission was measured Ly
the monochromator system. TNecause of this lack of attenuation no accurate mea-
surement of variation in the time of breakdown occurence could be made.
The time of the start of the initial light emission (from start of laser pulse)
was measured for a large number of cases, and breakdown as measured by time of
1light emissioq’seemed to occur within a few nanoseconds of the peak of the laser

pulse no matter how great the change of energy into the gas.

"ith available energy, breakdown could not be produced with the 12.7 cm
lens. .he breakdown threshold was determined by using the 5.02 cm lens and the
3.3cm lens. Knowledge of the spot size of each of these lenses enabladthe

field strength to be computed.

18



/
The threshold determined for helium using equation III-1 was 7 x 10 vol‘s/~
as compared to 3.9 x 10( volts/~n for argon. The pressure in both cases vms
770 torr; however, the 12,7 cn lens was used to determine the Ar threshold iiile

the 5,08 cm lens was nused to determine the lle threshold.

An atterpt was made to determine the effects upon breakdoim cansed !y -
large amount of mercury vapor. 7o do this the mercury ampule attached to
the ~ell was broken and the mercury vapor was allownd to mix with the helirr
gas. At room temperature and Lelow no effects in the helium breakdown were o! -
served, \fter heating the ampule to drive mercury vapor into the cell it s
possible to detect a noticeable effect on the breakdown emission, ‘'hereas 3
line spectrum was observed in pure heliuvm, a continuum became evident when mor-ir--
was added. It was observed that when the field strength was below the threshold
of helium a continuum with superimposed Hg lines was predominant whereas, wvhern
the fiecld strength was abtove the threshold for helium, the helium lines (notall:
h’F52) were superimposed on the mercury continuum. Any tendency of the rercurr
irp ity to lower the threshold could not be detected above the emission from
the Hp, It is difficult to determine whether the initiation of breakdown takes
place in the main gas (He) or in the impurities present in the main gas. The
addition of llg to easily observable pgases such as argon may give more indication

of the offects of impurities.

Photographs were taken to record the time history of the breakdown emission
of pure helium during the time of irradiation from the laser. These curves
(an example shown in Figure III-8) compare rather well with those from the breal:-
down in argon at the same pressure. A\ reccrd of the entire emissici from the
breakdown rezion of the helium is shown in Figure ITI-9. No explanation can be

offered for the shape of the emission curve at late times.
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Figu e II1-8 Dreakdown Fmission From lelium During the Time
of laser Irradiation
(50ns/cm horizontal; 5¥/cm vertical; A(BSR)



volts/enm

Figure III-9 Breakdown Fmission from Plasma Formed

in Helium
(10 us/cm horizontal; 1lv/em vertical LﬁBSX)

Portion of curve shown in ITI-8 cannot be seen in this curve
because of its sharp rise, short duration, and high amplitude.
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F.  S0MFE O7SFRVATIONS AT LAY PRESSIRN
15 pressure is lowered the diffusion loss from the breakdown region
‘omes greater, and at some pressure becomes great enough to prevent the
avalanche Luildup. If one carefully measures the number of chargesproduced
as the pressure is varied below the avalanche region an indication of the
ionization build-up process may be obtained. In order to make measurements

7

at low pressures a glass cell was constructed and evacuated to 10 ' torr.

This cell (residual gas air) had a mercury ampule and the planned work
was to increase the vapor pressure in the cell by increasing the temperature
of the mercury ampule. Ilectrodes were provided to collect the charge

produced.

“"efore thi» mercury was allowed into the cell several laser shots produced
1010 charge paiirs., After several shots this level dropped two urders of
magnitude and remained at 108 charges throughout a series of shots. Thereafter
no change was noted when the mercury was allowed to enter the cell and raised
in vapor pressure to 10-2 torr. The charge collection current was different
at all of these pressures than it was ?t 700 torr. The current had three peaks
spaced about 10us apart and increasing in amplitude with time. It is not yet
clear what causes this shape or why increasing the pressure of Hg had no effect.
Perhaps reflerted light from the rear of the cell produced photu electrons from
the electrodes which were collected. This work indicates that low pressure
investigations may produce interesting results, and may perhaps provide some
answers to the initiating and growth mechanisms provided more care in experimen-
tation is taken. Low pressure work will be continued for various other gases.

Additional precautions to eliminats unwanted variables will be taken.



G. FFFECTS OF HIGH AND LOV/ PREGSURE

A test cell (See figure III-10) capable of withstanding pressures of
1500 psi lms been constructed and is being used *to investigate gas ionization
as a function of pressure. Constructed of stainless steel, the cell is capable
of being evacuated to 10-(: mm Hg before being filled with the desired gas.
A Heise guage is being used to monitor the pressure accurately (0.5 psi) from
atmospheric to 1000 psi. An additional glass cell system capable of evacuation

9

to 107’ mm Hg has been constructed for the low pressure work. This cell and

associated equipment are shown in Figure I1II-11.

H. CONCLUSIONS
The process of gas ionization shows a threshold dependence upon the

intensity distribution in the laser beam. Since significant changes in the
intensity distribution can cause significant changes in spot size, care must
be taken to monitor these variations. Secondly, spot size for short focal
length lenses cannot be determined from a knowledge of beam divergence, thus
accurate measurements of spot size is an important parareter to be defined
experimentally. Reducing the spot size by use of a 5.08 cm focal length lens
lowered the time of breakdown for a given field strength as compared to that

for a 3.3 cm lens.

Results of the work done in helium indicate that the spectral emission
of the plasma differs for the various gases. The easily ionizable mercury

vapor had no detectable effect on the breakdown time in helium.

I. FURTHER 'ORK

It is planned to investigate the entire pressure range agreed upon using
several pure gases (Argon, Nitrogen, Helium and air). Work is also anticipated
to determine the sffects of a neodymium frequency (1.06u) pulse on several gases.
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L7, RISORET L W, NS 5T TONS
A, HTRNCT [N

In previ~:s iisclissinns 1,2 nf the 'reakdown -f rases ly lasers we
have considered vari»us aspects »f the ' mpothesis that at hi, pas nressires
(~~ one half atrospl.ere and atove) the breakdown is the result of initiation
by a multi-photon ionizat'on event followed vy an avalanche type srowth of
the ionization to the observed value, In this section we will consider
further the avalanche type growth »f the ionization. We will assume that
for the gases under concideration an eletronically excited atom is rapidly
ionized by multi-photon absorption so that tiie effective rate of ionization
is equal to the rates of electronic excitation plus ionization by electron
impact. This assumption needs to be investigated further but appears to
be reasonable,

The topics to be considered in this section are:

Be Further evidence concerning the applicability of the extension of
microwave thenry tn the laser breakiown protlem as nttained from steady statn~
and time devendent treatments nf the photon absorntion nrncess using
simplified mndels for the electrnn-gas atom collisions,

C. The calculation of avalanche growth constants for Ar and H2 using
the extended microwave t':e>ry, and

D, The calculation of aporoximate cirves of t}a thrcshoid laser
intensity required for breakdown as a function of gas density, laser pulse

longth and focal spot size,

* This discussion is by A. V. Phelps,
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B, reivalence of Discrete “hoton and !'icrowave Theories

Published discissinns 3 nf laser indced trcakdown differ consideratly
as to the applicability of extensisns »f microwave thenry to optical
frequencies {nr the calcilation »f the rate »f prowth of the ionizatinn.
\la .ave s'own previnusly : that the differe-tial formulation »f the
I'oltzmann equatisn used in the m crowave calculationi is a good annrnx.-a-
tion to the difference form of the I'oltzmann equatinn anpropriate to the
absorption of photons in free-free transitions,orovided that the electron
energies of importance are large compared to the photon onergy, and that
the electron energy distribution function does not change too rapidly in
an energy interval equal to the photon energy. In practice, this means
that we expect the microwave theory to vive pood values for the rates of
excitation but possibly to yield ionization rates which are too low. As
further evidence for the correctness of this prediction we shall compare
d4irectly solutions of the difference and differential forms of the Foltzmann
equation using approximate forms fo:» the cross section for photon atsorp-
tion and electron excitatinn, ‘''sing one s:ich model we shall inquire as t»
what a steady state s»olitinn telly us atn t the rate »f excitation due tn
the 8l sorption of a finite num! er »f pnntons as commar- * *» the rate
calcilated usin the microwave theory., This investirat.on is largely in
resnonse to the suyrestion b that becaise the ionization or excitation
portential is a relativelv small multiple of the photon eneryy, the alectrons
may ;;ain sufficient energy to excite »r ionize vithout suffcrin: the
randomizing effects of lurge numbers of collisions implied by the differential

form of the Boltzmann equation., This analysis has been carried out using



rardom walk theory by Drs. . P. Gaver and J. A, llarshal of the Laboratories
".athamatics Depm‘tnent,.5 The second model allows a solution of the time
dependent difference equation,
(A) Steady State Solution

The lioltzmann equatisn on which the statistical analysis is based is
»q. (6) of ef. 1. If we assume that the slectron energy distribution
{function consists of a series of delta functions . seprrated by the nhnton

energy h‘y/, then cq. (6) of Ref. 1 becomes

d’e = = c
T s, et el F N B = AR )

4

where the index i is an integer, Pi is the fraction of the electrons with

an anergy of £i - :Lh'}) , Ai and /((i are the probabilities for the

absorption and stimulated emission of a photon by an electron with an

energy €, = ihy. From Eq. (5a) of Ref. 1 an approximation to Ai valid

for /)V(( 54'_ and lows1 is
_ Eo & :
R N T P (E2) (2)

-1

where 50 - °2E2(mw2) is the classical oscillatory energy of a free

eloctron and ’;/m (fi) is the frequency of momentum transfer scattering
collisions of electrons by the gas molecules, At present we do not have
accurate expressions for Ai and so will consider a second approximatinn

to Ai which is probably better when h ‘yand 21 are comparable, Tlis

7

relation has been sugyiested by Holstein ' and is
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In order for the electron distribnution to be limited to the discrete sect

of Pi 's the energy los: in excitatinn ex is assumed to te equal t» an

integral multinle of Ky, i.e., € /iy = H. From the detailed bala-cin

arpgument given in kq., (7) of Ref, 1, we have

! {
("."’)/m A4'--/ = /"/%

In order to simplify the problem we will assume that excitation occurs

-~
—
~—

as soon as the electron reaches the level H, This is equivalert to the
assumption of an infinite excitation cross section discussed by Allisi3
In the microwave case this approximation has been found to pgive reasonably
accurate excitation rates at electric field intenslties which are not too
higha.

The frequency of exciting collisions using the model described above
is equal to the reciprocal of the expectation value of the first passage

time ? This quantity, E(T1H), is given by 5

‘ h h fa A
E(TIH) = Z Z [#2Geo5 a7 ]

’0 3 -] j'/’- AJL

kquation (5) has been evaluated as a function of H for varinus assumed

dependence of Ai' In this discussion we will consider three cases; g



Case a) corresp.ds to the sutstitution in £q, (3) of an energy independent
freqiency -f momentum transfer collisions such as found for electron-
neitral collisinns in H2 and ”e at enerpies above a few aelectron volts,
This is expected to te the mhst rcalistic »f the mndels considered here
since electron-noutral coll.isions dominate the nhoton atsorntinn process
diring the groath of ionization., Ve note that the use of the constant
collision triuency assumption in £q. (2) for our simple model leads to

ho = 0 and trapping of electrons «t zero energy and so is unrealistic,
Cases b, and ¢) correspond to the assumption of electron scattering ty
ions in which the collision frequency is approximately inversely propor-
tional to the 3/2 power of the electron energy. i Case (c) is of interest
because it leads to Ao = @& and because it is a case which one w-ould
s L

In addition for case (c) A AR /‘(
i

expect to find treated by others,
in £q. (1) so that the electron motion in energy is a pure randon wall,
Rather than show the calculated excitation rates directly, we will compare
them with the results of the differential or microwave theory.

The sol :tion to the differential form of the Boltzmann equation fnr
the simple m.del considered here is obtained by setting the right hand

side of tq, (9) of Ref. 1 to zero, solving for f(&) and then normalizin;-.



It can te shown that this procedurc leids to the relatinn

For case (a), A(i) - &( 2 h 7) ) (“a)
Aa __'_[ZEX —& Zix +II]
= 3 (9a)

A
-/

ror case t), A (&) = A, (,’j 7&7‘)‘ ) (Ib)
A 3£x . 3/
v 2 e[S NE ) &Y

For case (c) A(‘C_) — :\c (hy/e) /2. (3¢)

~
[o%

an

—_

9t)

s
at Ae  _ 4 (& 72 (5¢)
Vi /s \hp

The ratio of the excitation frequency calculated using Eq. (%) to

that given by Eqs. (9a, b, ¢) is s »wn in Firure IV-1. The lower curve
shows that for the model of electron-neutral scattering in which the

12 the excitationn

electron collision frequency 13 indens:dent of energy,
freqiency using the discrete rodel is lower than that calculated for the
continuous model by roughly 376. In the model of electron-ion scattering

thie dashed curves show that the calculated excitatirn frequency {or the

discrete case is pererally, tut not always, higher than that calculated
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Ly the contininis case. ior f_x/}q) 2 5 the differorce i5 less tran ¥,
oince tlese calculations show that the error resulting: from the ice Hf tee
continious theory deponds strongly on the ener;y dependence of the ats r % on
srobability, it is very desiralle to carry out calculatinns of tue ratos
of excitation using more :realistic crouss sections using the diffcrernce
form or the Loltzmann equation, oJsuch a calc:lation is bein, attemn ed tut
so fur has lteen unguccessful,
(L) Tire Depentent 5olutions

As an additional chicck on the applicatility of the extended micro-
wave theory to the prediction of the rate of growth of innizati-n due t»
the atsorption of ohntnns, we have calculated some time denencert elechron
e:.ergy distritatinon functions and excitation f{req:iencies, These ~1 a3
can then bte compared with the results of the usual microwave ti.e r>r i ich
assumes that electron energy dis*ribution is indevendent »f time. “he =»Hirl
used in these calcul~tions is more exact than that discussed above in ti.at
L. probability of an excitation collision is finitc, altinu-h >f s rple
analytical form, 13 As above, we neglect the energy loss in elas'.ic
collisions with the gas atoms, although this loss is exmpected to be
important at 'iigh pressure in the rare gases. i The equations which

have been solved are:

48
d ¢

=Mt B~ ANP + A B

(1)
—B.P + 584,/} d(+-1) |
¢=h



whore B ® (i - ) I for 4 p.d n)"--i «0rtridlj )‘,( = 4 A for

~AM; D‘H 205 J(A-1)z/tor 4= I/'J(""D:oforé?/
Ya /
and (l;-/)x‘-_’:',('/%. obe that here we ave used the £orm »f the constant

crllision frequency a roxination correspontin to uqe (2). This sinmpler
"
approxination ° is possible since with the piresent model inelastic col-

lisions ana stimulated photon emission do nnt opulate the level at

ii = 0. e note that the system of equatinong is terminated % 1 =1

where 11 18 chosen by trial and error to te large enoupgh so that the
poprlatinng at enerpgies »f interest are independent of M, ‘e can use

the calculated Pi val ies to determine the excitation freq . ency isinpg the

M
7{ = Z BJ,ID? (11)
TN

1
rinally ” we note that o ass mptinn as tn the energy denendence of B,

i

relation

i3 eq.ivalent to assuming that the cross section for excitation, gy 1S

(..
Vv @y =—b—3)3l (12)

1/2
(g) / crn/sec. For He and electron enurpics within

gsiven by

7

where v = 5,93 x 10
a few e¢lectron vilts of the excitatinn threshold %(/h")- H =11, and
BA A l.lix 10'9/( sec™X. The calculatinns given telow have been
carried nut by D. . Wel of the laboratories Computer Gro:p.

The results nf the solution »f Ekqs, (10) are shirwn in Figur (/-2

where Pi is plotted as a function nof { = Ei/h'y/for B = 15, These

2l



-

N

t xcitation Frequen

b o ®O
@

=

L | | |

i

68,02 4 6839 2 4 68,8

Time (seconds)

Figure IV - 2 Excitatlion Frequency vs. Time for
Various Models



results are for the case in which 2’y = 1lat t 30, llere time t is measured
in units of 1/ A Sich o trat v = A t. e sec that the distril .tisn furcti n
tas r-acied its steady vale ty T = 6, Using q., (2) andj?é s B 2 IO_W N
cm3/soc as expected for helium at a gas ders.ty li, the curves in Fijurc

IV-2 corresnond to the case of a field stre:gth = = 3,7 x 1n° v/em at the
laser freq:ency corresp nling to 6543 2 or a laser power of 3, x luld
watt/cmg amel to a gas JdEms by 58 2445 x lO19 atorns/cc or ono atmosphere

at 300%K, In this case A\ = 2.3 x 107 soc-l so that the distribution
functinn has reached its final ‘orm bty about 2,5 x 10”9 sec,

In the present protlem we are primarily concerned with the time
dependence of the excitation frequency as shnwn in Figure IV-3, The lower
two curves (E e« 15) siow the"/x valies calcilated using :q. (11) for the
model discis-:ed above for helium and for tuo different assumptions as to
the initial state of the electron, i.e., P6 =1lat t =0 and Pl =1 at
t = 0. ‘e see th~t the excitation freciency has reached its final value
of 2.6 x 10-8 sec ty abtout 2.9 nsec, The upner curve sh-ows the excita-
tion frequency calculated for I' = 0,5 cor-esponding to helium at #*mos-
p'.eric pressue and tn a laser {ield strength of 2 x lO7 v/em ar 1,06 x 10
watt/cm2. T is calculati-n has not been czrried to completion teca:se of
the large amount of computer time required but it appears that the evcita-
tion rate at 10“lO sec is sipnificantly below the finmal value, The time
required to attain the steady stqa'.e excitation rate is important because
gach new electron in the avalanche will have to 'inderpo s:ch a transient
period, The average excitation rate is therefor. an ap-ropriate inteyral
over the instantaneous excitation rate weiphted according to the pro-
bablility nf finding a new electron in a given initial state after the

: : : 6 . .
photn.~nization ~f the excited atom, 1 vle have not car-ind ~ut this
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cale latinn,  This averape oxcitatisn frequency will gonerally be
srinller than the final vale tecaise to s caleculatinn is one way of

allowing for the energy required bt raise the caerpy of each new electron

10
to *he mean electron ¢ o rymy.

W& now wish to compare the final excitation rates w:th those calcilated
1Ising othier aporoxinate models.  Ising the steady stote solutinn corrus-
poniding to the tine dependent cale.lations, i.o. £q. (2) mth?/m indeoendeat
of on riy and the summations in wq. (9) goin;; from 1 to i, we find 7)//%

Ly . -1 .
= 1w i compared to a final value of 1,2 + 0,5 x 17 7 using the
time dependent solution for = 15, The agrocment between these residts

is expocted since they are based on models which are ne;ligibly different,
The cons*ant e»nllisinn frequ-ncy nodel using g, (3) in £q. (9) vields
7/)(/1 e 1.1, x 1071 due to the slirhtly smaller values nf %/onm‘
the ranie ot i considered ') to 'l rather that 1 to H + 1), The s8aluti-n
ty the differential farm of the Poltzmann equatinn [’iVGS%/ A = 1,57 x
13-1 and 1,59 x 10- v en £qs. (2) and (3), respectively, are sutstituted
into Eq. (2) and _%n is constant, The extended microwave theo.y
using realistic cross sections as discussed in itef. 1 gives7{ =1,5 x 10
sec "1 op '7i/ A " 66 x 10-2. This lower volue is largely the result

nf the neglect of energy loses due to ~lastic collisions in the simple
models we have considered in this section. rinally, we note that the
steady state value of7)}/ A for B =0,51is {'reatcr than 9 x 10 =<

as compared to the microwave values of7/ = 6.1 x 10 ¢l or;// A =
9.7 x 10-2. In this case elastic collisions are much les:s important tharn
in the lower electric field (hipgher F) case, These calculatinng again

supirest the possitility of significant differences between steady state



excitatinn rates usin- the tw> Unris of the lolt man ecuation, ‘touer r,
L oy 50w that a r-ally valic conparis.n cante mde only 'ren tetier
models are ased to account or tee effects s ciiv as elactic c»H1lis s
and tue cnergy req:i:red to hea* -in the new eluctrong,

5% fAvalanchie rowth in Ar and I.'2

[i. t..is sectin we present the results ol ralc:lationg of cowefl ~ w05
covertinge the rete »f prowth of ionizatisn in sir and s and in the case
Ar owe apply these results to the ;rediction o the time required for troar-
doun in Ar unler sinmplified experimental conditions., The mntati.n and
simplificatinns here are identicsl with that of wef, 1 and will not be
rene:-ted here,

Figure V-l shows vialues »f the excitatisn and innization frec encics
per atom and the electron diff-ision coefflicient at unit dersity for ar at
frec.encies such that W P> Vn These calculations w''re made using the
cross sections and computer nropram discussed bty kngelhardt and itelpns, L
Fipue IV-5 shows the calcilated excitation, innizatinn, and diffusi-n
freq encies for electrons in Ar at nne atrosphere nrcssure at BOOOK as a
function of the field strenrth of the ac field at the frecwency »f arity
lasar (6943 X). These cyrves are thien used to calculate the crves s wn
in Fijrire IV=O of the time requir~d for the ionizatinr tn ;row by an
avalanche prcegs from 1 electron in the focal volume ( ~~ 105 electron/cr)
to complepe ionization, As discussed in ilef, 1 the 50lid cwves are
calculated under the assumption of electron loss by frec diffusinn to tie

cylindrical boundary of the fceal volume while the dashed curves c rres Jind

to negligible diffision loss as when ambipolar diffusion is im »ortant,
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It is5 still rather risky to commare the » sults of this the ry with
exnerinent tecause of the uncertainties in the time of initiati-n ' ‘te
avala:.che, the spatial and time variatinns in the laser pouer de-sity
w..ch are 'nt included in the tlecory, and the nncertainties remain n n
t'.e annlicatility nf the extended microwave teory. “'Huevir, ue note
t.at tie thresnold field stre-gth s in Fisire TV7=6 for free electron

3 ohd . . ; — . : 17
diff :sion and excitation folloved bty vhotninnizatio:, i,e. 3.2 » 19

(:

] o0 . T , & 1
wat' Jea® or 3.7 x 107 U/en, is in raticer good apreenent iith Uaynant's

[

. 19 2 ‘ - .
val ¢ of L x 1077 watt/em” for a 50 larje. focal radi tut a ol
louer pas lensity.
Hipare IV=7 siows calculated excitation and ionization freqiencics

per mnlecule for electrons in I, under conditisns such that W/ > ) 7/

2
These calculations were made using the cross sectinns and com utational

19

procedurcs discussed by Zngelhardt and Phelps. Je have not calenl: ted
the excitation frequency, etc, for K2 at atmosnheric pressure since nn
neasurerments are availatle of the time of brcakdswn as a function nf
laser power, \iitliout such data we cannot be sure »f the sipnificance »f
t'ie olLserved threshold, 20 A preliminary attempt to cormnare tienry and
ex~erime -t is ~iven in the next section,
D Approximate Threshold Predictions

In ti.is section we will make use of the excitatio', ionizatinn, and
diffusion coefficients for He and li, which have been given in itef, 1 and
in the preceding section to predict approximate relati ns for the intensity

required to produce breakdown of these gases by a pulsed ruby laser, ..

shall calculate the laser intensity necessary to satisfy two breakdown
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criteria, First, ue assume that the br arxdown thresholl is detemned by
the condition that tho electron ionization frec:iency equal the free
difrusion frequency, This static or aiffusinn controlled condition is
the same as the conventional microwave btreakdnwn criteria and has teen
applied ty several authors 3 t» the laser breakdown onrotler, .econdly,
we ass me that the treakdswn thresiold is determined b the requ rerent

t at tle innizatinn increase from one electrnn in the fHcal valume to
co:nlete innizatinn diring the time the lsser nulse is on, 'n the resilts
shown in Figures IV-£ and IV-9, we have continued to make the simplifying
assunptions discussed in itef, 1, e.g., a spatially unii»rm laser intensity,
compnletely absorting boundaries at the focal spot radlus, a constant
armplitide of laser intensity for the duration of the pulse, negligitle
eff'ect due to electron attachment, and the presence of an initiating
electron at the beginning of the laser pulse, It will be noted that we
have not shown a limiting curve corresponding to the threshold laser
irtensity required to produce an initiating electron during the laser
pulsc. As indicated mrevinusly 2, one can predict the depe'.dence »f this
ninimum laser intensity only if one knows the nature ard density of the
atons whiich supoly the initiating electron, Attempts to reasure this
innizatinn rate experimentally 2 and to nredict it theore'ically have
teen unsuccessful, <

The static or diffusion controlled breakdown criteria is obtained by

setting )~ » 0 in Eq., (13) of Ref, 1 so that

7{1*%:"%_’2' (13)
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- ; . : s - &/
Jinre 071 + 71) /v and '} are functions o:ly of /' and /& in the micro-
wave t' eory used here, it is convenisnt ty rewrite .q. (13) in the {orm

(H+?) _ L

DNQ- Niﬂl (1)

2 : Y
lere ’7){ + ‘}/i) /147 corvesnands %o the 'l ac ionizatiosn coefficicnt,
hen WD 7/,1» the valie & ZAM require! far Lreakdasn oon te leterrined
, , . il .
directly tfrom a plot of /‘}J/( + ’}/i) /0 v L The steener cuarves [or

Jipues 1= and [V=9 s.ow the result »f ouch calceilations for He and N2

when :{ is taken to be 10-2 cm, The diffusion controlled thresiold curve
shhwn for I.'2 is low by as much as 20 at the hipghest dersities because tne
corrections duc to a finit,ew/% had not been c:lculated at the time the
graph was pr.pared, 23
The th:eshold intensity required to satiasfy the density buildup
condition is calculated “rom q. (13) of itef, 1 bty meplecting the D/‘ﬁ_2
term and assuming that the electron density increasas bty 939 during a
67 nsec constant ampiitude laser pulse, Thismlatively larse valie was
1sed in crder to annroximate e¢nnditions in the exmeriments »f ‘laynant 1
rat'»r t!an those of leyerand and Ha.ght, . Thus, the threshold
condition for the shallower curves of Fipures IVel and (/-9 is
Vi + W _ ¥ 5X/o8 en3

= (15)
A/ /V N sec

Again the curve shown for N, has not yet been corrected for finite‘//7y4,,

2

and, in this case, is low by as much as a factor of 2 at the higher

e



dens. ties,

JJe shall concl-ide this discussinn with com~ents rep-rding the cono -
ison of the experimental da‘a and theoretical curves of Fijures I7-' and
17-9, First we nnte that the two threshold curves cross at -as dens.tiecs
somewhat below atmascheric so that diffusion losses determine the % res Hl:
at the lower pgas densities and the buildup of electron density ‘letormines
the threshold at the higher dersities. Those threshnld determ.ning c uves
are siown by solid lines. [n the case »f o, “i,;re [V-1 slous tis: b 5
rough theory is in rcas»onablc agreement with the date of ..aynant, 1 «hen
consideration is given to the shorter laser pulse lern:th used bty eyeran:
and Hauht the agreement is rcasonable at near atnospheric lensity tut the
tieoretical curve secms to decrease too slowly with increasine -as de-.sities
. It is to be noted that the relative values of the br akdnv threshold
in !le given by !'inck 3 are similar to those ol !'eyer nd ant au-t in
“ipure TV=4,

Fipure IV-9 shnws a comnarison »f the approximate theoretical
tl.rzoghold laser intensities f{or Ny with the experimental data »f '‘eyerand
and Hanht.B This cnmparison is reasonable from the noint »f view ~f the
nicrowave t enry since the measured Townsend ionizatin cnefficient for

2k

i, and air are nearly the same and their “ffusion coefficients are
exnected to te similar, As in the case of heliun the agreement is aquite
good at the lower gas Jensities when one considers the shorter pulre
len;th used by lleyeran! and ilaupht., The relatively ra id decrease in

expe:-imental threshold laser intensity with increasing ras dens:ty compareld

to the theoretical curve is similar to that s:own in Fioure IV-3 for e,

Ny



This behavior is also seen in the relative values piven by IIinck.3 The
finite“ﬂ&é correction referred to would increase the discrepancy evcn
further at high pas densities, In both lle and N2 it would appear that

the decrease in the efficiency of conversion of phnton energy into
excitation (and ionization) predicted by the microwave thenry at 1ow£;égis
ton large, In the He case this energy poes into elastic recoil collisions
while in tne N2 case tl.is energy results in the excitation of relatively
high vibrational states. L Obviously, further investipations of this
behavior are necessary.

be  Summary

This report presents evidence that the absorption of relatively high
energy photons in free-ree transitions may in some cases lead to snall
( ~ 305) but possitly significant deviations in the rate of growth of
an electron avalanche from that predicted by an appropriate extension of
the microwave theory, i.e., the continuous form of the Boltzmann equation.
This evidence is obtained by solving the difference form of the Roltzman:
equation in both the steady state and time depe:dent cases for various
simple models of the electron-atom or electron-ion collision processes,
However, since directinn and magnitude of the deviation denend upon the
model used and since several important affects are not included further
comnarisons nf the two theories are rlesirable,

The report also presents additional calculations of the excitation,
ionization, and diffusion coefficients and makes use of these to comoute
avalanche growth times and approximate curves of the laser intensity
required for breakdown as a function of gas density, In general the

agreement between theory and experiment is within a factor of 2 in laser



intensity or LO)) in lascr electric field intensity. There are, howcver,
systematic deviations between thecory and ecxperiment which should be

explored further,
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APPENDIX A

SOME CONSEQUENCES OF LASER BREAKDOWN INITIATION
BY A NON-LINEAR PROCESS

A. V. Phelps
Westinghouse Research Laboratories
Pittsburgh 35, Pennsylvania

The model of the laser breakdown process which appears to best fit
the presently available data i{s that in which the initiating electron is
produced by non-linear or multiphoton ionization of an impurity or the main
gas and is followed by an exponential growth of ionization resulting from
either electron excitation followed by photoionization or direct ionization
by electron impact.1 The purpose of this memorandum is to examine some of the
consequences of the assumption that a non-linear or multiphoton process provides

the initial electron.

1) Time dependence of ionization

The time dependence of the ionization resulting from a process in
which the photon flux acts directly on the neutral atoms is significantly
different ‘rom that in which free electrons absorb the photon energy and
produce ionization. The continuity equation for the electron density, n, in

the general case is

n ) 2
-gz = at + v n DV “ n , (D)

where a is the rate of ionization of neutral atoms or molecules of density M,
Vai is either the frequency of excitation and ionization by elect-on impact,1 and
) is the electron diffusion coefficient. Unless otherwise stated, we will assume

that the laser power increases abruptly to some constant value at t = 0, so the
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a, Vet and D are constants. As before, we approximate the solution to this
equation by replacing DV G n by Dn/JL2 where A 18 the diffusion length
corresponding to the fundamental mode in a cylinder with a radius equal to that
of the focal spot. Equation (1) now reduces to

dn

LI W (2

where vp = DAA.Z. The solution to this equation for the case of n = 0 at

t = 0 and n << M is

aM

z;;:;;:y [1 - exp (Vg = vp) t) . 3)

1

For Y < vp? this solution reaches a steady state vaiue of aM (VD-in)- ’

i

whereas for Vai > Yp it increases exponentially with a growth constant of

For Ve = 0, n = gMt, Note that our assumption of n << M may

AY -V

xi ~ Vp’ 1~ Y
be violated at rather low n, if M is an impurity.
The mathematical apprcach which is used above does not show the
possible Jiscontinuous nature of the true breakdown problem, i.e., Eqs. (l) -
(3) are valid only when there is a reasonably large number (e.g., 10 or more)
of electrons present. This point is important in evaluating experimental data
since it means that if the rate of electron production by the non-linear process
is small enough it will determine the minimum laser power at which breakdown
is normally observed.2 Thus, if the effective pulse length is /t and if
aMAat <1, then even though (vi,x - vD) Ot > bn (1019/105) so that an avalanche coyld
ionize essentially all of the atoms, breakdown may not occur. If this were the
case breakdown might occasionally be observed at laser powers significantly
below that for which a M At~1, i.e., breakdown might be initiated by the truly
random background electron. The occurrence of a single rare breakdown event

at power levels well below the normal threshold has been observed,3

I1f the production of an electron by a non-linear process does
effectively determine the threshold, then observations of the time dependence

of the growth of ionization and excitation should show that growth constant
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y s vx,i Vo does not approach zero as the breakdown threshold is approached

but that the observed delay is due to a delay in the time of initiation of the
avalanche, Since it now appearsl likely that measurements of the light intensity
will follow the ionization build up, it may be possible to extrapolate
measurements of the ionization growth back to the time of appearance of the
initiating electron, Such measurements will require the use of photodetectors
with sufficient sensitivity and speed to measure the light generated during the
portion of the growth period when the degree of ionization of the gas is small,

e.g., when the light output is ~1% or less of the peak value.

2) Dependence of ionization on geometry, laser power, etc.

The requirement that the laser produce the initiating electron means
that in general two distinct threshold conditions must be met. These two
conditions will have rather different dependences on laser power, focal spot
size, gas density, and laser frequency. The dependence of the avalanche growth
condition on the experimental parameters has been discussed in detail for
hellum1 using the microwave theory as a basis for obtaining quantitative
predictions. In general, this analysis shows that the threshold condition for
gas densities of the order of atmospheric and reasonably small focal spot radii
is determined by balancing an effecttve ionization frequency which varies
approximately as N(E/w)n,n=2 to Sagainst a diffusion frequency which varies

1

approximately as (NRZ)- . Thus, the avalanche threshold condition is that

(NR)Z(E/u)n s a constant depending upon the gas. In terms of the laser power

required for threshold, P « RZEZ, so that P « N-a/n RZJ.In uz.

The exact dependence of the non-linear or multiphoton initiation
threshold on experimental parameters varies with the theoretical description
of the lonization process which 18 most appropriate to the gas under consideration
Thus, the ionization may occur due to tunneling of an electron out of the atom
through the potential barrier created by the intense applied field.A Neglecting
the fact that the electric field is alternating, the frequency of field induced

fonization events per atom is given approximately5 by



I3/2 E-l

a = V. exp (-6.8 x 107 )

where Ve is the effective frequency at which electrons approach the potential
barrier and is roughly 1016 sec-l, I is the ionization potential of the atom
and E is the electric field strength. For tzgical laser breakdown conditions

I =15.8¢ev and E = 107 V/cm so that a = 10° e cma/sec. Therefore field
strengths of the order of 5 x 108 V/em would be required to produce significant
ionization. This crude calculation would seem to indicate that a multiphoton

process is involved.

The ionization coefficient per atom according to the multiphoton theory
is expected to be proportional to (F)m where F is the laser photon flux and
m > (I1/nv). For argon and a ruby laser m = 9, so that the requirement that

aMot 21 means that the threshold condition would require that ElaMAt be a

constant or that the threshold power obey the relation Pa O(Atio.lle. If

the gas ionized by the multiphoton process were mercury (I = 10.4 eV), we

would expect Px (MAI)-O'17 Rz, and that the power required would be very much
lower. According to these relations the power required to meet this threshold

«. dition should be insensitive to changes in the gas density and should increase
with the square of the focal spot size. This means that the multiphoton process
threshold condition will become more difficult to meet relative to the avalanche
threshold condition as the focal radius is increased. This should lead to a

greater spread in the breakdown time.

The difference in behavior of the two ionization processes is most
pronounced when the integrated laser energy is fixed and the spatial distribition
of the focus is varied, either intentionally or by accident as when the laser
mode pattern changes. Thus a 20% increase in the peak laser power at any point
in space will increase the ionization rate due to the multiphoton process by
factors of from 3 for mercury to 5,1 for argon whereas the ionization frequency
due to the avalanche process increases only by a factor of about 1.6. This high
sensitivity of the multiphoton, or other non-linear, ionization to the intensity
of the laser power may account for some of the observed fluctuation in the

breakdown time. If this effect is important at a fixed laser pulse energy, the
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shorter breakdown times should correspood to those pulses in which the laser
power distribution 1is more sharply peaked in the focal region whereas the

longest breakdown times would correspond to pulses in which the spatial variation
in laser power was relatively uniform. Experimental data may be available for
checking this hypothesis.3 An alternative explanation of the observed spread

in breakdown times is given in the next section.

3) Statistics of Breakdown

In this section we consider more explicitly the effects of a non-linear
initiation mechanism on the statistics of breakdown. Our main point is that
the theory is essentially no different from that applicable in the case of
Townsend breakdown when the initiating electron is produced by a constant
external source but with the condition that the probability of producing an
avalanche is a function of the field strength or in the case in which the
initiating electrons are produced by field emission from a cathode. These
problems have been considered previously by Phelgs and Berg6 and others. This
theory is especially simple when the time required for the avalanche to grow
to the value required for observation of breakdown is negligible. 1In this case

the probability of breakdown G(t) after a time t is given by

-t
En G(t) = - ] A(t) dt (4)
(o]

where A(t) is the frequency of production of electrons capable of initiating

the avalanche. According to the laser breakdown model being discussed we

expect A\(t) to be proportional to MEzm(t), i.e., a very rapidly varying function
of time. The probability that breakdown will be observed at a time between

t and t + dt is found by differentiating Eq. (4) to get

dG = - \(t) G(t) dt ()
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This is actually the basic equation for G(t). As shown by Phelps and Betg,6
Eq. (5) can be used to evaluate A\(t). Thus,

ANt) = - 1

0) (6)

-8

The behavior of the various functions defined above is shown in
Fig. 1. Here we have shown, in Fig. la, the time dependence of the laser
power, P(t), from an oscilloscope photograph taken by Waynant.7 Also shown in
Fig. la are the relative values of A(t) as calculated for multiphoton
ionization of helium (m = 11) and of mercury (m = 6)., Figure lb shows curves
of G(t) as calculated from the A(t) for m = 11 with the magnitude of A\(t)
adjusted so as to produce an average nugger of electrons per pulse, N, of 1,
5, 18, or 2050. Here N =.fn G(co) -_zf A(t)dt. The corresponding values of
dG/dt are shown in Fig. lc. The most striking feature of these curves is the
relatively small region of time, e.g., 5-10 nsec halfwidth, over which the
initiating electrons are produced with an appreciable probability. This {s
consistent with an apparent upper limit to the observed breakdown times.
A second feature of these curves is the small but definite shift of the curve
of the probability of initiation, Fig. lc, to shorter times as the peak lasar
power is increased. With m = 1] the increase in N from 1 to 5.18 and 2050
represents an increase in peak laser power by factors of 1.16 and 2.0,
respectively. If the time required for avalanche growth were negligible then
the factor of two increase in laser power would result in breakdown at times

of the order of one half the time required to reach peak power.

If our assumption that the time required for avalanche growth is
negligible and if fluctuations in the spatial distribution of the laser intensity
can be neglected, then a plot of the number of breakdown events per unit time
should resemble Fig. lc. The data obtained for argon by waynant3 show only at
the higher laser energies are the distributions similar to Fig. lc. The data
obtained at energies nearer threshold yields distributions which are

considerably more spread out in time and for which the peak occurs much later
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in time. The shift to later times at lower laser energies is characteristic

of longer avalanche growth constants and suggests strongly that the avalanche

growth time is not negligible. If the laser power were constant during the
growth, then the finite growth time could be taken into account at a fixed laser
energy simply by shifting the time scale in Figs. lb and lc by an appropriate
amount, With a time varying laser power there will be a tendency for the cases

in which the initiating electron occurs later to have a lower average growth
constant. However, at present this effect seems too small to produce the observed

spread. Obviously, further investigation of this area is desirable.

d) Conclusions

The arguments presented in this report indicate that the non-linear
mechanism which probably provides the initiating electron for laser breakdown
is multiphoton absorption. This process produces electrons only over a
relatively narrow time interval and so its effect is consistent with the
tendency of the breakdown time to show an upper limit when plotted as a function
of laser power. The time required for avalanche growth appears to become
appreciable as the laser energy is reduced toward threshold in argon at

1l atmosphere.
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APPENDIX B

A RANDOM WALK PROBLEM IN LASER PHYSICS

D. P. Gaver, J. A. Marshall

Introduction

This report describes some preliminary work on probability models
in physics, carried out at the request of Dr, A, Phelps., The results and
methods discussed provide a convenient starting point for checking certain
calculations and models used by physicists; in particular, some easily
manipulated "continuous" approximations may be appraised for numerical
accuracy.

The write-up to follow is in the nature of a progress report,

More work along lines similar to that described here, can be conducted.

A First Model

A particle (electron) executes a random walk in continuous time
over a denumerable set of (energy) states 1, 2, 3, ... . Steps in the
walk (energy changes) occur at random times because of interaction with
particles of another class (photons); the steps are either up by one unit,
i,e. from state 1 to i+l1l, or dowr. by one unit, i.e, from i to i-1, except
that when the lowest state, 1, is reached no further down-jumps are possible,
Furthermore, when some sufficiently high state, H, 1s reached the particle
Jumps instantaneously back to state 1, and the walk begins again. 1In fact,
when the jump from H to 1 occurs, another particle is born and occupies
state 1 at birth, thereafter walking independently of the first, This

procesd then continues indefinite’y,
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In this report we study the probability distribution of the

random variacle T described as the time of a particle's first passage

1H’
to state H, having started at state 1. In particular we compare the mean,

or expected, first passage times, E(T, ), as the latter are computed using

1H
various hypotheses abcut jump probabilitles. We also discuss the problem
of continuous approximation of the path of the particle through energy
space,

In order to obtain explicit expressions for E(TiH) we make the
specific assumption that the particle walk is a time-homogeneous birth-
and-death process, i.e., that the probability that a particle, currently
occupying (energy) state i (i > 1) Jumps to state i+l in the time dt is
kidt + o(dt); the corresponding down-jump probability is uidt +o(dt),
except that My = 0; importantly, too, all Jjump probabilities are influenced
only by present state, and not by any previous history. This makes the
walk a simple Markov process., Both xi and W, are positive and independent
of the time during which the process has gone on. An intrmduction to such
processes will be found in Feller [2]. The above assumptions imply that

the distribution of the sojourn time, S, of a particle in a particular

!

state, i, 1,e, the uninterrupted time from an entrance into i until the

next exit therefrom,is distributed exponentially

-(X, +
Prob[SiSt] = l-e(iui)t 5 (1)

If, for some reason, the exponential distribution 18 physically implausible
the distribution (1) can actually be made of arbitrary form, leading us to

the class of semi-Markov rather than Markov processes. The methods to be
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described then need only be altered trivially to obtain explizit solutions,
provided there 1is independence between the successive sojourns. Independence
would not occur, for example, if the event that a particle had just entered
state i from below, i.e, from i-1, were to shorten the time of sojourn of

the particle in Si’ or perhaps alter the probability with which the particle
Jumps from i1 to 141 or to i-1l. Such effects might derive from considerations
of velocity as well as position; we rule them out,

Under our assumptions, a convenient way of computing the lLaplace-

-aTl
Stieltjes transform E(e

H), the expected first passage time, E(Tlﬂ)’ and
higher moments as well has been given in Gaver [3]; formulas for E(TIH) have
been given previously by others. We will not utilize the L.-S. transform
here, although by employing this function it should be possible to prove
rertain probability limit theorems of use when the second stage of the
problem -- involving particle branching when jumps from high energy states
to state 1 -- is attacked, From [ 3]: let Ai denote the first passage

time from state i to i+l (i.e., the elapsed time from first entrance

into state i to first entrance into state i+l). Then :f

-sAi
a,(a) = Ee 1), (2)
A
a,(s) = : ; (3)
fo“i{l-ai-l(sq
since initially
xl
a.(8) = ——
1 Xl+s
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we can successively substitute to obtain ai(s) for any i, Finally, because

Tyy = A+ Ay + oo v A (4)

with {Ai} a sequence of independent random variables we find

-8T H-1
1H
Ee ) = 1U1 a,(s). (5)

For the expectation or mean of TlH we use the fact that
H-1

= N E(Ai)

E(TIH) /.
i=1

and the recursion formula, derivable from (3) by evaluating its derivative
with respect to s at 8 = 0,
B(A,) = > [1+u, E(A,_)] (6)
i A i i-1’%

which in turn gives

S e C O SR i O Wiy 29 8 7
Moo MM Mo Sl RO L

1 M4
E(A,) = =+ —
i Ai Xi

It is expression (7) that will he particularly discussed in what follows.
Note that the expression (6) can be easily evaluated by computer, for it
is a simple recursion formula. This has been carried out in certain cases,
believed to be of interest in applications; some examples will follow.

First we present some special cases that may be of use,

Special Case I: A =\, W, = (i=1,2,...; but u1=0).

In this walk the probabilities of Jjumps and the Jjump rates (hen.=

sojourn times) do not depend upon the states. From (6) or (7) we easily get
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i
1- (5

1l
E(Ai) Gl —]_—__E- for v * A
> (8)
i
= 3 for H o= A,
and therefrom
H-1
H-1 H M
E(T,,) = - = (1 -(3) ) for A $ ¢
_ H(H-1) (9)
- A for A = u.
For large H we can put, for the case \ % u,
). | A
E(T,.) ~ — - for p = \
s 2
1H A 93 (k_“)
]
- (9')
.,(%) _P_-2 for u >\
(A-u)

vhere the approximation improves as H increases.

Special Case II: A, = i\, u, = iu (1=1,2,...; but My = 0).

In this model activity increases with erergy. Again using (6)

or (7) ve g~

il y SR P Ri‘ A 1
Ba) - 30 &) 1.y YTl (20
J=1 J=1

If A = u then the above series becomes the harmonic, and

E(A) ~ 1n 1. (11)

Therefore
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A 1
L

E(TEH) e E(Ai) oY = lp ln x dx
1

H-1 H-1
g (12)

i
= $((#-1) 1n (8-1) - (8-2)]

where the approximation improves as H increases, We will not stop to write
down the approximations obtainable for A # p; these could be gotten by
replacing the sums by integrals, perhaps in a refined form by use of the
Euler-Maclaurin sum formula.

The above models have taken no account of a necessary physical
restriction on the {x#} and {u;} sequences imposed by "detailed balance".

This principle requires that the transition rates for cases I and 1II be

modified:
Case I': A, =X, u, =X lil (13)
Case II': xi = 1A, My = (i-1)a lié . (14)

Notice that for lerge i we are very nearly in the cases I and II, with
A = u. However inclusion of detailed balance has the effect of slightly
decreasing My compared to its corresponding value in cases I and II, and
hence decreasing E(Tlﬂ)'

Computations were carried out for cases I' and II' in order to
compare the results of the continuous model with those >f the discrete

model developed above. Using (13) and (7) we find

[\/I 2 4 J? TV £ sz (15)

B(Ag) = %i?%
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for case I' while (14) and (7) give 1/i times this result for case II'.
Values of the quantity E(TIH) were calculated for all values of H from
2 to 31 for each of the two cases (with A = 1).

The corresponding results from the continuous model are

(H-l)2/3, and

Cas ',
ase I'; E(TlH)

Case II': E(T,) 2(H-1)/3 .

Table 1 gives the results of the computations for the discrete
model and compares these with continuous model, for the two cases, The
agreement between the two models is seen to improve as H increases. Notice
that the discrete model always gives the longer first passage times, As
a check on this, consider approximeting the discrete model by another one
with smaller step size.

If we want to approximate the behavior of the particle over
the original state space by a particle "walking" on a new state space which
has smaller step size, we must find the appropriate values for the new
parameters. If we take the original step size as 1 and the original

parameters as Ai end p, and the new step size as A with parameters

i
).i. and “1'." then quantum mechagics suggests for
Case I': A, = (i) A, and
s M
while for
Case II': ).i, = i'(i)x, and
Wi, = A (1re1) VAL



Table 1
Values of E(Tl ) for the Discrete and Continuous Models
and the Ratio'Bf These Quantities for Cases I' and II'

with A = 1.
Case I' Case II'
H Discrete Continuous D/C Discrete Continuous D/C
2 1. 000 ) 3.00 1.000 .67 1,50
3 2.707 1.33 2,03 1.854 1,33 1,39
I 5,101 3.00 1.70 2.652 2.00 1.33
5 8.174 533 1.53 3.420 2.67 1.28
6 11,923 8.33 1.43 4,170 3.33 1.25
7 16, 345 12,00 1.36 4,907 4. 00 1.23
8 21.439 16,33 1.31 5.634 4,67 1.21
9 27.204 21.33 1.28 6.355 5.33 1.19
10 33.639 27.00 1.25 T.070 6.00 1.18
11 Lo, Thk 33.33 1.22 7.780 6.67 1.17
12 48,519 40,33 1.20 8. 487 7.33 1,16
13 56.962 48,00 1.19 9.191 8.00 1.15
14 66.07h 56. 33 1.17 9,892 8.67 1.14
15 75.855 65.33 1.16 10.590 9.33 1.13
16 86,304 75. 00 1.15 11,287 10.00 1.13
17 97. k422 85.33 1,14 11.982 10.67 ik, 12
18 109.207 96.33 1,13 12.675 11.33 1.12
19 121,660 108. 00 ladi3 13.367 12,00 1.11
20 134,781 120, 33 1.12 14,058 12,67 1.11
21 148,570 133.33 1,11 14, 747 13.33 1.11
22 163,027 147.00 1.11 15.435 14,00 1.10
23 178,151 161.33 1.10 16,123 14,67 1,10
2L 193.943 176. 33 1.10 16.809 15.33 1.10
25 210, 402 192.00 1.10 17.495 16.00 1.09
26 227.529 208. 33 1.09 18.180 16.67 1.09
27 245,323 225.33 1.09 18, 865 17.33 1.09
28 263.785 243,00 1.09 19,548 18.00 1.09
29 282,914 261.33 1.08 20.232 18.67 1.08
30 302.T10 280.33 1,08 20,914 19.33 1.08
31 323.173 300. 00 1.08 21,596 20.00 1.08
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Now consider the situation represented in Figure 1 below.

| 2 8 4

= - g L

| 1) o) 30 70 °
Fig. 1

The top line represents the state space with step size 1 and H = 4, If we
take A = 1 we find from Table 1 that E(le) = 5.101 for Case I'., The bottom
line represents a state space with A= 1/10. It is believed that sliding
the first state to the left as shown is consistent with the approach taken
in the usual continuous model. For the new state space we have (since A=1)
L:EL, = 100, The first passage time which we want to compare is that from
1 to 30 on the new space. From Table 1 we find E(T];3O) = 302,710/100 =
3.027. This is less than the value for step size 1 which is consistent with
the fact that the continuous model gives shorter firs: passage times,
and it is quite close to the value of 3.000 given by the continuous model.
The ~bove calculations for Case II' give E(Tlh) = 2,652 for step size 1

f

and E(T,,.) = 20.914/10 = 2,091 for step size 1/10. Again the change is

130
in the expected direction and the continuous model gives 2.000.
It may be of interest to derive an approximate closed form

expression for E(Tll!) in Cases I' and II' with A = 1 and A = 1, In other

words we would like & closed expression for
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H-1
E(Ai)
i=1
vhere E(Ai) is given by (15) with A = 1. By the Euler-Maclaurin sum

formula (Cramer (1), p. 123)

i i 5
>‘ A2 [x1/2 s LN e %[Pl(x)x-l/a dx

v=1

vhere Pl(x) = [x] - x + -;— and [x] is the largest integer not larger than x.

nNA -

1l
Now Pl(x) 5 80

i i
[Pl(x)x-l/edx [% x-l/2 dx

1/2

A

= 1 -1

and therefore

1 1
U o1/2 1/2 1 1 .,1/2 1,,1/2
) vz [ x LI -5(1 -1)
v=1

= 2 12/3 - 2 + 1> 2 12/3 )

3 3 3
Thus for Case I' we have
H-l 55} /
_ 2 .,2/3 ,-1/2  H(H-1)
E(Tm) = E(Ai) >/ 3 1 i = =3
i=1 i=1

which 18 to be compared with the result (H-l)2/3 obtained from the

continuous model, For Case II',

Hf_l H%l y

= 2 .2/8 p=2f3 B

E('rm) =N E(Ai) >/ 3 i i = 3(H 1)
1=1 1:1
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which is exactly the result obtained from the continuous model,
This approach could perhaps be used with a better estimate of
Pl(x) to give a more accurate expression for E(TIH) than is obtained with

the continuous model,

Continuous Approximations

It is well known that the path of a classical random walk,
itself a step function, may often be usefully approximated by a continuous
function, Under many circumstances, this results in simplicity, and such
an approach hr3 been used to discuss the present problem. We shall
explain the approximation method commonly used in terms of our Case I
above., In terms of that example we can proceed heuristically in a natural
way.

Rather than pass immediately to the continuous function approxima-
tién, let us suppose that our original process steps are of unit size

(as they are), and that we wish to pass to an egquivalent process acting

over energy states of step size A . The idea of such equivalence is as

follows: suppose our original particle begins its rundom walk on the
original energy states, i.e, on those differing by unity; here we disregard
the boundaries. Then at time t after the walk begins its position will
have a certain probability distribution: the expected distance from the

starting point and the variance of the resulting distribution will be

and (16)
Var(Dl) (A + )t

1



and if At and ut are at all large then the distribution of Dl tends to
the Gaussian described by the above parameters., If, on the A scale, we
start a walk from the same place, utilizing rate parameters A and n

respectively, we find for D, , the displacement on the A scale

A
E(DA) = (- uAt
and - > (17)
Var(DA) = (M+u)ATE .

Again DA tends to the Gaussian form with the same parameters., We say that

the D

A

(7ussian distributions are the same, or if

-process is equivalent to the Dl-process if the above two limiting

i
2]
—
o
L

2ot A (18)

1t
-3
o
o}
—

Var(Dl)
which implies that
(x - wA
- =a2
(X + H)A )

A-u

(19)

A+

so we can solve for X and E to find

T R ) (20)
b= %[T*‘—].

It is intuitively appealing that any probability question asked about
equivalent processes should provide approximately equal answers --
particularly if both processes must operate "for a long time", for this

allows the tendency towards the Gaussian limiting form to occur. Thus we
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may expect that we can utilize processes on finer and finer step sizes to
calculate first-passage times to a "high state" H, with better approximation
as H increases. We are interested in this possibility because it is
conventional, and often convenient, to pass to infinitesimal st:p sizes

(let A—> 0), i.e. to replace the random walk by "diffusion" or

Brownian motion., We are interested in the error in such an approximate
procedure. Refer to the following figure, illustrating the original walk,

and the new one:

c i 2 | el —
|| —
= % szl g A,
. = [ |r ||II ||r
L - |, EAa | Lo
Fig. 2

let us examine our Special Case I, translating to the new scale
with step size A Take A'l to be an integer, so that we have an integral
number of A-steps replacing one l-step. Further let both walks start at
the same place on the original scale: thus the new walx will start at
1 = A-l, for 1 on the new scale, and will end at HA-l. Then from (8)

and (20) we get, for i on the new scale,

7



1 -(E)
2 Sy P T
A 1. H
P ALLE
3 _
i’ ’ Ho= A
and N
HA;-l _ _
BT, |A) = = 1- (¥ L. Lol oy
1 i lz/z-l{ 3 x-:{A X

(5-1)(H=1-A) ’
x A2

Now the appropriate scaling is given by (19) and (20).

for X\ and 4 in terms of the original A\ and 4 a complicated expression

(a1)
- (h-1)A T
N 1_(%( )
x },
1.8
by
Xiu
X=u (22)

When we substitute

results for general A However, when A-——> 0 a relatively simple limit

results:
_ H-l 1 A+ 2(l+u)H 2(Mp.)
E(T, . |0) L Q. Sy -e
1H k2 ) )2
e
T2a

A=y,

(23)

One can see that E(TIH,A) increases for decreasing / when A = p; this

shows that for this case the continuous approximation over-estimates

time of first passage to H. Although the comparison for different A and

u can be made using (22), we have not done so here.
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